We study Fourier transforms of Z/-functions (1 < p < 2) on nilpotent Lie groups and affine automorphism groups of Siegel domains. We get an estimate for the norm of the LP -Fourier transform for certain classes of nilpotent Lie groups. For affine automorphism groups, which are nonunimodular, we give an explicit definition of LP -Fourier transform, and obtain an estimate for the norm.
holds for φ e L ι {G) n LP{G). Next, let us consider the norm H ^ίC?)!!. For the case of G = R" (the classical Fourier transform), Babenko [1] and Beckner [2] obtained the norm (0. 4) ||^p(R n )|| = A", where A p =
On the other hand, by a result of Fournier [8] , the following statements (1) and (2) [18] , [19] and [20] .
In §1, we deal with connected and simply connected nilpotent Lie groups G with Lie algebras g. We first treat irreducible representations of G, and give an estimate for ||π(^)|| c (φ £ L ι (G) n LP{G)) for irreducible representations π satisfying the condition (Cl) (Proposition 1.2). Then we give an estimate for ||^P(G)|| for groups G satisfying the condition (C2) (Theorem 1. where m is the dimension of generic coadjoint orbits of G in g* (the dual space of g). Here let us note that the Plancherel measure is supported on the set of representations corresponding to generic orbits in g* by the Kirillov mapping. Applying Theorem 1.3 to the Heisenberg groups and the nilpotent groups of real upper triangular matrices, for example, we get the same estimates as those obtained by Russo in [19] . Section 2 is devoted to a nonunimodular case. We will treat connected and simply connected Lie groups whose Lie algebras are normal 7-algebras (see 2.1 for definition). In the sequel, let G = expg be such a group.
An extension of the Hausdorff-Young theorem to general (i.e., not necessarily unimodular) locally compact groups was given by Terp [21] in terms of the spatial theory of von Neumann algebras. But we will give an explicit realization of the LP -Fourier transform based on the Plancherel theorem of Duflo and Moore [5] . For each irreducible representation π corresponding to one of the generic coadjoint orbits, which are open, we modify the map φ -• π{φ) using the operator called the formal degree of π [5] [7] and Russo [20] developed their LP -Fourier analysis for the ax + b group (the group of all affine transformations of the real line), and we are generalizing their results to our G.
The author would like to thank the referee for his very useful comments and for the suggestion of focusing on the LP norm estimates.
NOTATIONS. Let G be a Lie group and dg a left Haar measure on G. We denote by Δ = Δ^ the modular function of G, i.e., d(gx) = A(x) dg. If φ is a function on G and 1 < p < oo, we put
for g e G.
(We often use φ* for φ*W .) We regard LP{G) as equipped with the involution φ -> φ*W .
Let %? be a Hubert space. Then we denote by ό&ffi) the space of bounded operators with the operator norm || -| | oo ? and by 2?
( %(%') the space of compact operators. For 1 < p < oo, C p (β^) is the space of ΓE^(/) satisfying ||Γ||ς = (tr((T*Ty/ 2 )) ι ίP < oo, where tr( ) denotes the trace. It is a Banach space with the C^-norm || ||c Here we treat connected and simply connected nilpotent Lie groups. First of all, let us summarize the Plancherel theorem for such groups in terms of the orbit method. (For details, we refer to Chapter 4 of
Let g be a nilpotent Lie algebra, G = expg, θ: 0*/G -• G be the Kirillov mapping which assigns the coadjoint orbit G / (/ G g*) to the class of πy = ind^ χf: the representation of G induced by a character χf of Bf = exp by, where bf is a real polarization at / and χ f (expX) = e^/W (X e b f ).
Let {X\ 9 ...-,X n } be a strong Malcev basis for g (i.e., g, = R-span{X!, ... , Xi} is an ideal of g for each /), and let {l\ ,...,/"} be the dual basis for g*. For each /eg*, define S(l) = {2 < j < n 
(We regard g
Proof. The proof is by induction on the dimension of g. The proposition is trivial for dimg = 1 (regarding c(g, I), f,p) = 1 in this case). Assume that the proposition is valid for all dimensions of g less than or equal to n -l 9 and that dim g = n . Let 3 be the center of g and Z = expj. Case 1. Suppose that anker(/) ^ {0}. Taking 0 φ Z € (jΠker/), let g = g/RZ with the quotient map pr: g -* g, and G = expg with P: G -• G. We factor down / and π into / G g* and π e G respectively. Then the radical g(/) = pr(g(/)), (pr(fj))^ = pr(ίj ^), and the coadjoint orbit G / corresponds to π.
For φ G C C (G) (compactly supported continuous functions on (?), define the function φ eC c (G) by
Then, writing ίj = pr(ίj) and ίΓ = expί), and taking the invariant measures on G, JζΓ\(r and H^\G associated to those on G, if\(? and Hf\G through the projection P respectively, we have π(φ) = π(φ) and by the induction hypothesis, Here let us recall an inequality of Hausdorff-Young type for integral operators due to Fournier and Russo [9] . Let %? be a complex Hubert space, ό&ffi) be the space of bounded operators on ^, and M be a σ-finite measure space. If p = 2, equality holds in (1.6). Now we return to the proof. Giving RXQ the Lebesgue measure such that XQ has volume 1, let dX\ be a Lebesgue measure on $χ adapted to the direct sum decomposition g = Q\ @'. Subcase 2.1. Here we suppose that ί) = 3 = g(/). Let 31 = βi(/') = RZ+R7, which coincides with the center of Q\ . We apply the induction hypothesis to G\ with the Haar measure dg\ = d(expXi) = dX\, πi, 3i with the Lebesgue measure normalized as 31 = RY Θ RZ and /,5 p u tting a basis {Y/}i<;< n _3 of 01/31 whose unit cube has volume 1, and writing f\ = f\ h , we get where {Z*, 7*} c jj is the dual basis of {Z, Y}, and A = /(Z). 
Thus we have
On the other hand, remarking that k*=Έ^,we also have \\k φ \\ c p q (^G) . 
JUNKOINOUE
Since dimgi+dimfliC/ 7 ) = dimg+dimgC/*), we get C(g, f), f,p) = C{ΰi, f), /', p). As the proof of Subcase 2.1, the inequality (1.4) is verified. D Now we get an estimate for \\^p{φ)\\ q when g admits an ideal f) such that the condition (Cl) is satisfied for almost all /eg* with f). Remark that if a subspace I of 9 satisfies that /([[, I]) = {0} for all /E^cg*, where % is a dense subset of g*, then I is an abelian subalgebra. THEOREM Proof. An irreducible representation π is square integrable mod Z (i.e., π occurs discretely in the induced representation ind^ τiz by the central character πz of π) if and only if the dimension of the corresponding orbit Ω is dim 0/3, that is, g(f) = 3 for / e Ω (e.g., [4] (4.5)). And then square integrable representations correspond to the generic orbits. Thus the condition (C2) is satisfied in this case. REMARK 1.5. There are nilpotent Lie groups which satisfy (C2) but do not have square integrable (mod the center) representations. For example, the nilpotent Lie group N n of n real upper triangular matrices with ones on the main diagonal is such a group for n > 4. In this case,
Let g be a nilpotent Lie algebra of dimension n, G = expg and m be the dimension of the generic orbits. Suppose that g satisfies the following condition. (C2)
In [19] , Russo obtained similar estimates for ^^((j)!! for the Heisenberg groups, the group N n and some low dimensional nilpotent Lie groups. The results are based on estimates for ||π(^)||c for each irreducible representation π using the inequality (1.6) of integral operators under explicit realization of π. Our method, where we also use (1.6), is a generalization of the computation in [19] .
Proof of Theorem 1.3. Let f) be an abelian ideal satisfying f) D g(f)
for all / G ^, and H = expί). We may choose a Malcev basis {Xι, ... , X n } for g such that f) = H-span^, ... , X k } for some k. We use the notations in the Plancherel theorem (1.1). Noting T c {1,...,£}, let S' = {l,...,k}\T 9 Vg. =R-span{/ / ;7 e S'} and for all X 9 Yet 9 (4) ω G 0* has the properties
It is known that the connected and simply connected Lie group G = exp 0 with a normal y'-algebra (0, j, ω) can be realized as an affine automorphism group acting simply and transitively on a Siegel domain of type II, and vice versa. (For details, see e.g. [11] , [16] .) Thus, starting from a normal j-algebra (0, j, ώ), which we often denote by 0 only, we study the corresponding group G = exp 0.
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Here we summarize fundamental facts of the structures of normal y-algebras and unitary representations of corresponding groups.
For a normal j-algebra (g, with the convention that if / + k ψ 1, \ nor 0, Q i+k = {0}, [11] , [16] .
We next consider unitary representations of G = exp g. Since G is an exponential group (i.e., the exponential mapping is a diffeomorphism of g onto G), its unitary dual G is parametrized by the coadjoint orbits of G on g* through the Kirillov-Bernat mapping. In the case of a normal 7-algebra, G has open orbits, whose union is dense in g*. They correspond to the classes of square integrable representations of G. Throughout §2, g is a normal y'-algebra, G = expg and dg is a left Haar measure on G.
2.2.
A Hausdorff-Young theorem for G. Let π be an irreducible square integrable representation of G in a Hubert space %?. Then from [5] , there exists a unique operator K π in ^, self-adjoint positive, semi-invariant with weight Δ" 1 , i.e., is a surjective isometry. But we will prove it simultaneously in the course of establishing the inequality (2.3).
On the ax+b group, Eymard and Terp [7] and Russo [20] obtained similar results. The former is based on the Plancherel theorem of Duflo and Moore, but the latter is based on that of Kleppner and Lipsman [12] . In order to obtain LP-estimates, they used the integral If -FOURIER TRANSFORMS 309 operator inequality (1.6), which we will also use, and got the same estimate with that of our n = 2 case.
We give here a representative of each class of irreducible square integrable representations, and an explicit description of the formal degree, to be used later.
Recalling that the classes of irreducible square integrable representations correspond to open coadjoint orbits, let Ω be an open coadjoint orbit. Put an element / e Ω and take a real polarization b/ at / satisfying the Pukanszky condition [3] . Defining a character Xf of B = expb/ by χ f (&φX) = eV^/W for X e b f , construct the induced representation π = ind# Xf of G from Xf. The representation π is irreducible and its class is the corresponding one under the Kirillov-Bernat mapping. Remark that we can always take such a polarization bf such that Q\ C by c 01/2 (see [10] , Remark 2.5). Thus putting n = 0i + 0^2, which is a nilpotent ideal, and N = expn, we regard π as induced from the irreducible representation σ = ind^ Xf of N, π = ind# σ .
Regarding G as the semidirect product G = NGQ , we take a right Haar measure dg 0 on G o and dn on N such that A~ι(g)dg = dndgo, for g = ng 0 , n e N 9 g 0 e G o . Letting ^ be a space of σ, we realize π in the space • Now we prove that ^ is injective. Suppose that ^p(φ) = 0 e LP{G)). Then using (2.12), it holds for every 4 e C C {G) that * 4) = 0, which implies that φ * / = 0 since ^2 is injective. Thus φ = 0. D
